Published by Institute of Physics Publishing for SISSA/ISAS Received: April 26, 2004 Revised: June 16, 2004 Accepted: June 28, 2004

Massive spinors and dS/CFT correspondence

Farhang Loran

Department of Physics, Isfahan University of Technology (IUT) Isfahan, Iran, and Institute for Studies in Theoretical Physics and Mathematics (IPM) P.O. Box: 19395-5531, Tehran, Iran E-mail: loran@cc.iut.ac.ir

Abstract: Using the map between free massless spinors on d+1 dimensional Minkowski spacetime and free massive spinors on dS_{d+1}, we obtain the boundary term that should be added to the standard Dirac action for spinors in the dS/CFT correspondence. It is shown that this map can be extended only to theories with vertex (ψ̄ψ)^2 but arbitrary d ≥ 1. In the case of scalar field theories such an extension can be made only for d = 2, 3, 5 with vertices ϕ^6, ϕ^4 and ϕ^3 respectively.

Keywords: AdS-CFT and dS-CFT Correspondence, Cosmology of Theories beyond the SM.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep062004054 /jhep062004054 .pdf

Contents

1. Introduction 1

2. Massless fermions on M_{d+1} 2

3. Spinors on dS_{d+1} 4

4. Summary 6

A. Spinors on Minkowski space-time 6

1. Introduction

It is known that the correct action for spinors in AdS_{d+1}/CF T_d correspondence is the sum of the standard Dirac action, S = ∫ Σ d^{d+1}xψ̄(x) (D̸ − m) ψ(x) , (1.1) and some boundary term [1, 2, 3]. Specially in [1], Henneaux has shown that the boundary term can be determined by the stationary conditions on the solutions of Dirac equation with a definite asymptotic behavior. In those papers, the euclidean AdS space is considered as the domain t > 0 with metric,

ds^2 = 1 t^2 η^{μν} dx^μdx^ν , (1.2) where x^0 = t and η^{μν} = (+, +, . . . , +). It is also shown that the boundary term gives the action for spinors on the boundary with expected conformal weight in AdS/CFT correspondence. Since, dS_{d+1} space can be also described as the domain t > 0 with metric (1.2) in which η^{μν} = (+, −, . . . , −), it is reasonable to consider similar boundary terms in dS/CFT correspondence.

Recently we showed that massless scalar fields on d + 1 dimensional Minkowski spacetime are dual to scalar fields on dS_{d+1} with mass m^2 =^{d2−1}_4 [4]. In fact, if ϕ(⃗x, t) is the solution of Klein-Gordon equation in d + 1 dimensional Minkowski spacetime M_{d+1},

η^{μν} ∂_μ∂_ν ϕ(t, ⃗x) = 0 , (1.3)

then Φ(⃗x, t) = t^{d−1}2 ϕ(⃗x, t) is a massive scalar on dS_{d+1}, satisfying the Klein-Gordon equation, ( t^2∂^2_t + (1 − d)t∂_t − t^2∇^2 + d^2 − 1 4 ) Φ(⃗x, t) = 0 . (1.4)

– 1 –

Using this map we obtained the action of the dual CFT on the boundary of dS space given in [7] by inserting the solution of the Klein-Gordon equation in M_{d+1} in terms of the initial data given on the hypersurface t = 0 into the action of massless scalars on M_{d+1} and identifying the initial data with the CFT fields. The same result was obtained by mapping massless scalars from euclidean space to euclidean AdS.

In M_{d+1}, solutions of Dirac equation are solutions of the Klein-Gordon equation. Therefore, one can obtain some information about spinors and the dS/CFT correspondence by mapping massless spinors from d + 1 dimensional Minkowski (euclidean) spacetime to de Sitter (euclidean AdS) space.

As is mentioned in [4], one can use the relation between massless fields in Minkowski (euclidean) spacetime and massive fields in dS (euclidean AdS) space to prove the holographic principle for the domain t ≥ 0 of Minkowski (euclidean) spacetime in the case of massless fields. In the case of Minkowski spacetime a covariant description of the holographic principle can be given by considering a covariant boundary instead of the hypersurface t = 0 which here is the space-like boundary of the domain t ≥ 0 [5]. Similar ideas are considered in ref. [6] where the relation between massive and massless scalar fields in Minkowski spacetime and on (anti-)de Sitter space, one dimension lower, is studied.

The organization of paper is as follows. In section 2, we give the solution of Dirac equation for massless spinors in the domain t ≥ 0 of Minkowski spacetime in terms of the initial data given on the boundary t = 0. Specially we show that by adding a suitable boundary term to the standard Dirac action for spinors, not only the hermitean condition of the action can be satisfied but one can also obtain the Dirac equation without imposing any condition on fields living on the boundary. Finally we will consider this unique boundary term as the action of CFT on the boundary. In section 3, we show that the most general solution of Dirac equation on dS (euclidean AdS) space (spinors with arbitrary mass) can be given in terms of massless spinors in Minkowski spacetime with the same dimensionality. Finally we show that the map between fields in Minkowski spacetime and dS space can be extended to field theories with vertex (ψ̄ψ)^2 but arbitrary d ≥ 1 in the case of spinors. For scalar field theories this extension is applicable only in d = 2, 3, 5 and for theories with vertices ϕ^6, ϕ^4 and ϕ^3 respectively. We close the paper with a brief summary of results. There is also an appendix in which we have given some details about the general solution of Dirac equation for massless spinors in M_{d+1}. These details are considerable since they show the agreement of our results with those of dS/CFT in the case of scalar fields reported in [4, 7]. In addition they make the connection of our results with previous attempts on dS/CFT in the case of spinors [1]–[3].

2. Massless fermions on M_{d+1}

The Dirac equation for massless fermions, iγ^μ∂_μψ(t, ⃗x) = 0 has solutions, ψ(⃗x, t) = ∫ d^d⃗kψ̃^±(⃗k)e^{i⃗k.⃗x}e^{±iωt} , (2.1) where, ( ±ωγ^0 + γ^i⃗k_i ) ψ̃^±(⃗k) = 0 , ω = | |⃗k | | . (2.2)

– 2 – γ^0 and γ^i’s are Dirac matrices satisfying the anti-commutation relation {γ^μ, γ^ν } = 2η^{μν} , in which η^{μν} = (+, −, . . . , −). One can show that ψ̃^+ = ±γ^0ψ̃^−, therefore a general solution, ψ(⃗x, t) of the Dirac equation can be decomposed as ψ(⃗x, t) = ψ^{(1)}(⃗x, t) + ψ^{(2)}(⃗x, t), where

ψ^{(1)}(⃗x, t) = ∫ d^d⃗k ( e^{−iωt} + γ^0e^{iωt} )~ ψ^{(1)}(⃗k)e^{i⃗k.⃗x} , ψ^{(2)}(⃗x, t) = ∫ d^d⃗k ( e^{−iωt} − γ^0e^{iωt} )~ ψ^{(2)}(⃗k)e^{i⃗k.⃗x} . (2.3) If one decomposes ψ̃^{(a)}(⃗k) as ψ̃^{(a)} = ψ̃^{(a)}_+ + ψ̃^{(a)}_− , a = 1, 2, where ,

ψ̃^{(a)}_+ = 1 + γ^0 2 ψ̃^{(a)} , ψ̃^{(a)}_− = 1 − γ^0 2 ψ̃^{(a)} , (2.4)

and using eq. (2.3) one can show that the initial data ψ_0(⃗x) = ψ(⃗x, 0) only determines ψ̃^{(1)}_+ and ψ̃^{(2)}_− :

ψ̃^{(1)}_+ (⃗k) = ∫ d^d⃗xe^{−i⃗k.⃗x}ψ^+_0 (⃗x) , ψ̃^{(2)}_− (⃗k) = ∫ d^d⃗xe^{−i⃗k.⃗x}ψ^−_0 (⃗x) , (2.5) where ψ^±_0 (⃗x) =^{1±γ0}_2 ψ_0(⃗x). Defining,

χ^+(⃗x) = ∫ d^d⃗ke^{i⃗k.⃗x}ψ̃^{(1)}_− (⃗k) , χ^−(⃗x) = ∫ d^d⃗ke^{i⃗k.⃗x}ψ̃^{(2)}_+ (⃗k) , (2.6) and using eq. (2.5), one can determine ψ^{(a)}(⃗x, t) in terms of fields ψ^±_0 (⃗x) and χ^±(⃗x) living on the hypersurface t = 0, as follows: ψ^{(a)}(⃗x, t) = ∫ d^d⃗kd^d⃗y ( e^{−iωt} ± γ^0e^{iωt} ) ( ψ^±_0 (⃗y) + χ^±(⃗y) ) e^{i⃗k.(⃗x−⃗y)} . (2.7) Since γ^0ψ^±_0 (⃗x) = ±ψ^±_0 (⃗x), and γ^0χ^± = ∓χ^±, one can decompose ψ(⃗x, t) = ψ^{(1)}(⃗x, t) + ψ^{(2)}(⃗x, t) as eigenvectors of γ^0, say ψ_± (γ^0ψ_± = ±ψ_±), as follows, ψ(⃗x, t) = ψ_+(⃗x, t) + ψ_−(⃗x, t) ψ_+(⃗x, t) = ∫ d^d⃗kd^d⃗y [( e^{−iωt} + γ^0e^{iωt} ) ψ^+_0 (⃗y) + ( e^{−iωt} − γ^0e^{iωt} ) χ^−(⃗y) ] e^{i⃗k.(⃗x−⃗y)} ψ_−(⃗x, t) = ∫ d^d⃗kd^d⃗y [( e^{−iωt} − γ^0e^{iωt} ) ψ^−_0 (⃗y) + ( e^{−iωt} + γ^0e^{iωt} ) χ^+(⃗y) ] e^{i⃗k.(⃗x−⃗y)} . (2.8) As is shown in the appendix, χ^± can be determined in terms of ψ^±_0 (⃗x).

Dirac equation can be obtained from the Dirac action for spinors, S = i ∫ Σ ψ̄−→∂̸ ψ (2.9) if one assume that Dirac fields vanish on the boundary. This assumption is also necessary for lagrangian density iψ̄−→∂̸ ψ to be hermitean. If one rewrite the action as,

S_D = i ∫ Σ ψ̄ ←− ∂̸ + −→ ∂̸ 2 ψ (2.10)

– 3 – then the lagrangian density is hermitean with no condition on fields on the boundary. In order to obtain Dirac equation, one can also add the following boundary term to the action, S_b = ∫ ∂Σ ψ̄(⃗x)γ^μψ(⃗x)n_μ , (2.11) in which n_μ is the unit vector perpendicular to boundary. This term cancels the contribution from the variation of fields on the boundary to δS. Therefore δS = 0 gives the Dirac equation with no preassumption about fields on the boundary.

Now assume that boundary is the hypesurface t = 0 and insert ψ(⃗x, t) the solution of the Dirac equation into the action S_D + S_b. S_D vanishes by construction and,

S_b = ∫ d^d⃗xψ̄(⃗x)γ^0ψ(⃗x) . (2.12) Using the identity, ψ(⃗x) = ∫ d^d⃗k ∫ d^d⃗ye^{i⃗k.(⃗x−⃗y)}ψ(⃗y) , (2.13) after some calculations, S_b (2.12) can be given as follows,

S_b = Const. ∫ d^d⃗yd^d⃗zψ̄(⃗y)γ^0ψ(⃗z)F (⃗y − ⃗z) , (2.14) where F (⃗x) = ∫ d^d⃗ke^{i⃗k.⃗x}. F (⃗x) is simply equal to δ^d(⃗x). A representation of the Dirac delta function appropriate for our purposes can be obtained by noting that F (⃗x) = F (R.⃗x) for any rotation R ∈ SO(d) and F (s⃗x) = s^{−d}F (⃗x) for any s > 0. Consequently, ⃗x.∇F (⃗x) = r ∂ ∂r F (r) = −d F (⃗x) , where r = |⃗x|. Therefore F (⃗x) = Const.|⃗x|^{−d}. Inserting F (⃗y − ⃗z) into S_b, one finally obtains, S_b = Const. ∫ d^d⃗yd^d⃗z ψ̄(⃗z)γ0ψ(⃗y) |⃗y − ⃗z|^d (2.15)

3. Spinors on dS_{d+1}

In the description of dS_{d+1} as the domain t > 0 with metric ds^2 = t^{−2}(dt^2 − d⃗x^2), the Klein-Gordon equation for massive scalar fields is, ( t^2(∂^2_t − ∂^2_{⃗x}) + (1 − d)t∂_t + m^2 ) ϕ = 0 . (3.1)

If one write the above equation in the following form, ( t^2(∂^2_t − ∂^2_{⃗x}) + (1 − d)t∂t + m^2 ) ψ = ( tγ^μ∂_ν + αγ^0 + ζ ) ( tγ^ν ∂_ν + βγ^0 + ξ ) ψ , (3.2)

where ψ is a spinor field, then one verify that

β = 1 + α = 1 − d 2 , ξ = ζ = 0 , m^2 = d^2 − 1 4 . (3.3)

– 4 –

Therefore, for fields with mass m^2 = (d^2 − 1)/4, one can rewrite the Klein-Gordon equation (3.1), as ( tγ^μ∂_ν + 1 − d 2 γ^0 ) ψ = 0 . (3.4)

As we observed in eqs. (1.3) and (1.4), massive scalar fields on dS_{d+1} with mass m^2 =^{d2−1}_4 are related to massless fields on M_{d+1}. It is easy to verify that if ψ is a solution of Dirac equation for massless spinors in M_{d+1} then Ψ = t^{d−1}2 ψ is a solutions of eq. (3.4). If one rewrite eq. (3.4) in terms of the Dirac operator in dS_{d+1}, D̸ = t ∂̸ −^d_2 γ^0, one obtains, ( D̸ + 1 2 γ^0 ) Ψ = 0 . (3.5)

Using the general solution of massless spinors in M_{d+1} eq. (2.8) one verifies that Ψ_± = t^{d−1}2 ψ_± are massive spinors in dS_{d+1} with mass m_± = ∓^1_2 respectively. In general, one can show that the most general solution of Dirac equation for spinors with mass m, (D̸−m)Ψ = 0, can be given in terms of ψ_±, given in (2.8), as follows:

Ψ = t^{d2 −m}ψ_− + t^{d2 +m}ψ_+ . (3.6)

In words, all massive spinors in dS_{d+1} space can be considered as images of massless spinors in M_{d+1}. The extension of this result to massive spinors in euclidean AdS_{d+1} and massless spinors in d + 1 dimensional euclidean space is straightforward.

By construction, the hypersurface t = 0 in M_{d+1} is isomorphic to the boundary of dS_{d+1}. If one identifies the CFT fields on the boundary of dS_{d+1} with initial data ψ_0 and χ on the hypersurface of M_{d+1}, then one can consider the action S_b given in eq. (2.15) as the action of CFT on the boundary of dS_{d+1}.

The map ψ_+ → Ψ_+ = t^d2^{+m}ψ_+ can be used to find the Minkowski dual of certain fermionic vertices on dS space. Consider a vertex V (Ψ̄_+Ψ_+) = g(Ψ̄_+Ψ_+)^n in dS space where n is some integer to be determined. The Dirac equation is

(D̸ − m)Ψ_+ = gΨ̄^nΨ^{n−1} , (3.7)

in which g is the coupling constant in dS space. Rewriting the above equation in terms of massless spinor ψ_+, one obtains,

∂̸ψ_+ = g(t)ψ̄^n_+ψ^{n−1}_+ , (3.8)

where, g(t) = gt^{−( d2 +m+1)}t^{(2n−1)( d2 +m)} , (3.9)

is the coupling in the Minkowski spacetime. To obtain the above relation we have used the identity, (D̸ − m)Ψ_+ = t^d2^{+m+1} ̸∂ψ_+. The Requirement that g(t) is constant imposes the following identity: n = 1 + 1 d + 2m , n ∈ N . (3.10)

Therefore, m = −^{d−1}_2 and n = 2. One can verify that the field theory with n = 2 vertex is renormalizable for d ≤ 1.

– 5 –

To study the differences between scalars and spinors in the map M_{d+1} → dS_{d+1}, it is useful to search for those scalar field vertices that could be mapped from Minkowski spacetime to dS space. As we explained in section 1, massless scalar fields in M_{d+1} can be only mapped to massive scalar fields in dS_{d+1} with mass m^2 =^{d2−1}_4 . Using the identity, ( t^2∂^2_t + (1 − d)t∂_t − t^2∇^2 + d^2 − 1 4 ) Φ(⃗x, t) = t^{d−12 +2} ( ∂^2_t − ∇^2 ) ϕ , (3.11)

in which Φ = t^{d−1}2 ϕ, and considering a vertex V (ϕ) = ϕ^ñ, one can show that

ñ = 2 + 4 d − 1 . (3.12)

Since ñ is an integer, the above identity can be satisfied only for special values of d: d ∈ {2, 3, 5}. The corresponding value for ñ are 6, 4, 3. All such theories are renormalizable.

4. Summary

Studying the map between massless fields in d+1 dimensional Minkowski spacetime (M_{d+1}) and massive fields on de Sitter space dS_{d+1}, we found that ψ_±, the massless scalars in M_{d+1} which are eigenvectors of γ^0 with eigenvalues ±1 can be mapped to massive spinors in dS_{d+1} with mass, m = ∓^1_2 respectively. We found that the conformal weight of dual spinors on the boundary of dS_{d+1} space is Δ =^d_2 and the CFT action is

S_b = Const. ∫ ∂Σ ψ̄(⃗z)γ0ψ(⃗y) |⃗y − ⃗z|^d , (4.1)

which is in agreement with the action of scalar fields obtained in dS/CFT correspondence. We observed that massive spinors on dS_{d+1} with arbitrary mass can be given in terms of ψ_± as follows, Ψ = t^{d2 −m}ψ_− + t^{d2 +m}ψ_+ . (4.2)

Using the above identity, we found that the map between free field theories can be extended to theories with vertex (ψ̄ψ)^2 for spinors with mass m = −^{d−1}_2 for arbitrary d ≥ 1. In the case of scalar fields similar considerations showed that only for d = 2, 3, 5, the ϕ^6, ϕ^4 and ϕ^3 theories can be mapped from M_{d+1} to dS_{d+1} respectively.

A. Spinors on Minkowski space-time

In this appendix we obtain the field χ(⃗x) in terms of ψ_0(⃗x). We also give the action S_b in terms of ψ_0 and ψ̇_0. The notation we use here for the Fourier components of fields differs slightly with those used in the main body of the paper.

From eq. (2.7) one can show that, iψ̇^±(⃗x, 0) = ∫ d^d⃗yd^d⃗k ωχ^±(⃗y)e^{i⃗k.(⃗x−⃗y)} = ∫ d^d⃗k ωχ̃^±(⃗k)e^{i⃗k.⃗x} . (A.1)

– 6 –

On the other hand, iψ̇ = −iγ^0γ^i∂_iψ. Thus, using the identity ψ^±_0 (⃗x) = ∫ d^d⃗ke^{i⃗k.⃗x}ψ̃^±_0 (⃗k), one verifies that ∫ d^d⃗k ωχ̃^±(⃗k)e^{i⃗k.⃗x} = ∫ d^d⃗yd^d⃗k γ^0γ^ik_ie^{i⃗k.⃗x}ψ̃^±_0 (⃗k) , (A.2) which results in the following identity:

χ̃^±(⃗k) = γ^0γ^i k_i ω ψ̃^±(⃗k) = ∓γ^i k_i ω ψ̃^±(⃗k) . (A.3)

Using the above identity one can also show that ψ̃^±(⃗k) = ∓γ^i k^i ω χ̃^±(⃗k) . (A.4)

To action S_b can be given in terms of ψ_0 and ψ̇_0 as follows (see eq. (2.12)):

S_b = ∫ d^d⃗xψ̄(⃗x)γ^0ψ(⃗x) = ∫ d^d⃗x (¯ ψ^+(⃗x)ψ^+(⃗x) − ψ̄^−(⃗x)ψ^−(⃗x) )

= ∫ d^d⃗k ( ~ψ̄^+(⃗k)ψ̃+(⃗k) − ~ψ̄^−(⃗k)ψ−(−⃗k) )

= ∫ d^d⃗k ~ψ̄^+(⃗k)ψ̃^+(−⃗k) + ∫ d^d⃗k ~χ̄^−(⃗k)χ̃^−(−⃗k) , (A.5) where to obtain the last equality we have used eq. (A.4). Using the Fourier transformation one obtains, ∫ d^d⃗k ~ψ̄^+(⃗k)ψ̃^+(−⃗k) = ∫ d^d⃗yd^d⃗zψ̄^+(⃗y)ψ^+(⃗z) ∫ d^d⃗k e^{i⃗k.(⃗y−⃗z)} = Const. ∫ d^d⃗yd^d⃗z ψ̄+(⃗y)ψ+(⃗z) |⃗y − ⃗z|^d . (A.6)

The last equality can be obtained by considering the variation of the integrand under rescaling and rotation.

Furthermore, ∫ d^d⃗k ~χ̄^−(⃗k)χ̃^−(−⃗k) = ∫ d^d⃗k 1 ω^2 ~˙¯ ψ − (⃗k) ~˙¯ ψ − (−⃗k) = ∫ d^d⃗yd^d⃗z ˙ψ̄^−(⃗y)ψ̇^−(⃗z) ∫ d^d⃗k 1 ω^2 e^{i⃗k.(⃗y−⃗z)} = Const. ∫ d^d⃗yd^d⃗z ˙ψ̄^−(⃗y)ψ̇−(⃗z) |⃗y − ⃗z|^{d−2} . (A.7)

This result is in agreement with those obtained in refs. [4, 7] for scalar fields.

– 7 –

References

[1] M. Henneaux, Boundary terms in the AdS/CFT correspondence for spinor fields,

hep-th/9902137.

[2] W. Mück and K.S. Viswanathan, Conformal field theory correlators from classical field theory on anti-de Sitter space, II. Vector and spinor fields, Phys. Rev. D 58 (1998) 106006 [hep-th/9805145].

[3] M. Henningson and K. Sfetsos, Spinors and the AdS/CFT correspondence, Phys. Lett. B 431 (1998) 63 [hep-th/9803251];

G.E. Arutyunov and S.A. Frolov, On the origin of supergravity boundary terms in the AdS/CFT correspondence, Nucl. Phys. B 544 (1999) 576 [hep-th/9806216].

[4] F. Loran, ds/CFT correspondence from a holographic description of massless scalar fields in Minkowski space-time, hep-th/0404067.

[5] R. Bousso, The holographic principle, Rev. Mod. Phys. 74 (2002) 825 [hep-th/0203101].

[6] J. de Boer and S.N. Solodukhin, A holographic reduction of Minkowski space-time, Nucl.

Phys. B 665 (2003) 545 [hep-th/0303006].

[7] A. Strominger, The ds/CFT correspondence, J. High Energy Phys. 10 (2001) 034 [hep-th/0106113].

– 8 –